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A model for the continuous wave (cw) pressure beam dist,ribution of a focused axially 
symmetric ultrasonic radiator with constant radius of curvature involves integration of 
eikr/r over the surface of the radiator. (Ic is the complex wave number and T is the 
distance from a radiating area element to the field point.) A single integral form 
exists, and it is this form that, is expanded in a Taylor series in frequency. Thus, 
when representing a pulse as a superposition of cw beams, the need to do numerical 
integrations for each one of a large number of frequencies is eliminated. Accuracy of 
the truncated Taylor series depends on the coordinates of the field point as well as on 
the difference between the frequency of interest and the reference frequency. Accuracy 
criteria for a particular application are also presented. The computer time savings for 
our applications correspond to a factor of about 60 with accuracy being maintained. 
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1. INTRODUCTION 

Much of the research in our laboratory includes calculation of the acoustic pres- 
sure field resulting from pulsed focused or nonfocused transducers. For example, in a 
quantitative B-mode image texture simulation [1,2], determination of the pressure for 
a matrix of spatial positions and over a broad range of frequencies is required. These 
calculations involve numerical integration and can be very time consuming. A 2 cm x 
2 cm image texture simulation for a 3.5 MHz single element focused transducer excited 
by a broadband pulse involves calculating the continuous wave pressure distributions 
for a matrix of about 5,000 spatial positions and 110 frequencies in the range from 
1.5 MHz to 5.5 MHz. Using an experimentally-verified single integral expression for 
the acoustic pressure at a field point [3], calculation of the 550,000 complex pressure 
values requires about four hours on a VAX 785. A similar pressure calculation is em- 

ployed in the method of data reduction for estimating acoustic backscatter coefficients 
used in our lab [4]. 

We previously developed and reported [5] a Taylor series expansion in frequency of 
an integral expression for the acoustic pressure at a point in the field of a nonfocused, 
disc-shaped transducer. In the present work, we present a more general Taylor series 
expansion of this expression for application to single element focused or nonfocused 
radiators with axial symmetry. A formula which allows easy determination of an un- 
limited number of terms is also presented. 
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Time savings realized by applying the Taylor series depends on the specific appli- 
cation. For the texture simulation example above, pressure calculation time is reduced 
to about four minutes; a time savings factor of about sixty. Similar time savings result 
in determining backscatter coefficients. It should be noted that this time savings factor 
applies also to the work reported in reference [5] on nonfocused transducers. In the 
latter paper, a time savings factor of seven was estimated. Inefficiency in a comput,er 
program section, discovered after publication, led to this discrepancy. 

A set of criteria are reported for a specific a.pplication that allow systematic de- 
termination of the off-axis distance to which acoustic pressure must be calculated and 
the number of Taylor series terms required t.o adequately represent the correct pressure 
calculation. These criteria can be used as a model for other applications. 

It is important in computing pressure distributions in attenuating media to employ 
the attenuation coefficient at the frequency of interest. When accurate pulse shapes 
are required in attenuating media, accurat,ely accounting for the frequency dispersion 
of phase speeds is also required [6]; t,h is is true even though the percent shift, in phase 
speed per MHz may be very small. In most laboratories, it is much easier to determine 
the frequency dependence of the at,tenuation coefficient of a material than to determine 
the frequency dependence of its phase speed. In the Taylor series expansion developed 
in this work, the Kramers-Kronig relations, as developed by Ginzberg [i’], are employed 
to express the frequency-dependent phase speed in terms of the frequency-dependent 
attenuation coefficient. 

2. THEORY 

2.1 Representation of a Pulsed Pressure Beam 

The derivation of the expression for acoustic pressure which is expanded in a Taylor 
series is presented in reference [3]. For the convenience of the reader, a summary of the 
relevant aspects is presented below. 

Consider a pulsed single element piezoelectric transducer. When the (linear) 
Hehnholtz equation applies, the acoust,ic pressure p(F, 2) for a field point at position 
r’ and time t, can be represented as the superposition of a set of continuous wave, 
sinusoidally-varying beams spanning some range of frequencies as follows: 

p(F+, t) = Re ( lrn B~(w)Ao(F,w)e@tdw) . (1) 

Re means “Real part of,” B,(w) is a complex superposition coefficient at frequency w 
and Ao(+‘, w)eeiwt dw is a differential cont,inuous wave solution of the Helmholtz equation 
for the particular transducer geometry involved. 

Modeling the transducer as a set of equivalent. monopole sources uniformly dis- 
tributed across the face of the transducer and acting in unison results in A,,(F,w) 
having the form 

(2) 
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Fig. 1 Diagram showing the division of the fo- 

cused transducer field into two regions, I 
and II. The axis of symmetry of the ra- 
diating element lies along the horizontal 
line. The origin of the (+,h) coordinat,e 
system lies on the axis of symmetry at 
the center of curvature. Also shown are 
various parameters involved in the single 
int,egral form of Ao( F, w) described in sub- 
section 2.1. 

where the integration is over the surface S of the transducer’s active element and ? 
terminates on area element dS”. (Note: Both r; and r’ are position vectors extending 
from the origin of the coordinate system to the points specified.) k = ICR + Ike is 
the complex wavenumber in the propagating medium with real and imaginary parts 
k~ = W/C(W) and ICI = a(w), respectively. The parameter C(W) is the ultrasonic speed 
and Q(W) is the amplitude attenuation coefficient at frequency w. 

If  the radiating element has the form of a spherical cap with axial symmetry, the 
double integral in Eq. (2) can be reduced to the sum of a single integral and a nonin- 
tegral term having the form 

A is the radius of curvature of the radiating element and s is the distance from the radius 
of curvature to the field point Q at K (See figure 1 for a pictorial aid.) The quantities 
C’, D’, y(r’), and F depend only on geometrical parameters and are independent. of 
frequency and physical properties of the propagating medium. They are defined as 
follows: 

C’ E [A2 + sz + 2As cos(& + +)I’, 

D’ = [A’ + s2 + 2As cos($, - r$)] ’ , 

y(d) z cos-* 
h + (4’ - a”): - (r” + s2 - A”)=&+ 

%$k [4&f2 _ (+’ + sZ _ AZ),]; 1 , and 

F= 
0 for region I of figure 1 
$ ( eik6 _ ,jkd) for region II of figure I 

where 6 z and 

d E A2 + s2 + 2As cos(& - 
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Fig. 2 Diagram showing the simplified coordinate 
system. The axis of symmetry of the ra- 

. 
Z 

diating element lies along the horizontal 
line. Because of axial symmetry, a field 
point can be specified by its coordinates 
z and z where the origin is at the center 
of the radiating element. 

The parameters $+,,d,s, and h are shown in figure 1. Note that the h axis lies on the 
axis of symmetry of the radiating element and has its origin at the center of curvature 
of the radiating element. 

For simplicity, it. is convenient to define a new coordinate system, shown in figure 2, 
in which a new coordinate z E h - A replaces h. Note that z is not a Cartesian 
coordinate but is the distance from the z axis to Q and P =I r’I= (z” + .z’)f. 

In the limit as A -t 00, A/s -+ 1, h/ ( h 1 -+ -1 and the radiating element 
becomes a nonfocusing disc. In this case, 

C’ z [(a-z)2+z2]i, 

D’ c [(a+z~)~+z~]‘, 

y(4) Et cos-* 
I 
-a2 + rfZ + z2 - z2 2 ( c ?-‘l - z”) 5 1 7 

5 = [(a - z)’ + z”] r and 
d E z. 

2.2 Relationship Between Ultrasonic Phase Speeds and Attenuation Coefficients 

Even though the fractional shifts are extremely small, the frequency dispersion of 
the ultrasonic speed in (attenuating) soft tissue is significant when accurate represen- 
tations of ultrasonic pulse shapes are needed [6]. Ginaberg [7] has developed integral 
expressions, resulting from causality, relating the frequency-dependent ultrasonic speed 
to the frequency-dependent attenuation coefficient. Using our notation, Ginzberg’s re- 
sult is 

1 1 
-----~“P~m~(~‘)[~-,,r~W02]~~ 
C(W) c(w) 7r 

(4) 

where P means “Principle value of”, C(W) is the speed of sound at frequency w and 
C(WO) is the speed of sound at reference frequency wO. This is the form of the Kramers- 
Kronig relations employed in reference [6] yielding excellent agreement between theory 
and experiment. 
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A good first. approximation for the frequency dependence of the attenuation coef- 

ficient, a(w), is a simple proportionality to frequency. A better approximation results 

from adding a quadratic term resulting in the form 

a(w) = a1w + a2w2 

where CY~ and CC,, are constants. Substituting this form of a(w) into Eq. (4) we have 

1 1 .=.a alw’+cQw /* CYlW’ + a2w 12 
-=~ c(w) +?P 

11 1 dw’ . c(wo) = 0 wl2 _ w2 - w’2 _ wo2 

The integrals can be evaluated and the result is 

1 1 
-=- 

c(w) 

+2al[nW0. 

c(wo) 37 ( > W 

By expanding w/c(w) in a Taylor series about w. and keeping terms through the 

quadratic, the complex wavenumber can be expressed in the form 

qw, al, a2) = ~+(~+““‘)“-(~-~a2)w2. 

The reason for introducing the expansion of w/c(w) is to simplify the Taylor series 

expansion of the acoustic pressure calculation as developed in the next section; i.e., 

higher order derivatives of Ic with respect to w are zero. 

2.3 The Taylor Series Expansion 

The function which has been expanded in a Taylor series is 

uo(T;w) E e-“‘Ao(F, w) 

where A,(;, w) is in the form shown in Eq. (3) and T = 1 r’ I. Following expansion, the 

result is then multiplied by eikr to recover A,(F, w). The reason for expanding a~(?, w) 

instead of Ao(r’,w) is that the factor eikr’ in the integrand on the right of Eq. (3) 

generally contains a very large phase angle Ic~r’ = WT’/C. For example, at a typical 

frequency, say 3 MHz = 67r x 10’ radians/s, a typical ultrasonic speed of 1.5 x lo5 cm/s 

and a typical value of T’ = 10 cm, /CRT’ = 47~ x 10’ radians ‘v 1,000 radians. In the 

computation of eikR”, a precision of seven significant digits in k& translates into only 

three or four significant digits in eikR7’. When the factor emikr is introduced, eik(r’-r) is 

evaluated; (7’ - T) is typically on the order of 1 mm which means eikR(“-‘) would he 

on the order of 10 radians instead of 1,000 and two more significant digits are gained 

in the numerical evaluation of the exponential. 

Shown below is the general form of the Taylor series expansion in frequency, w, the 

reference frequency being wo. 

a0 = ao(P;w) E eAikrAO(F,w) = 
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au.0 
adr;wo) + z w=w” (w -wo) + ;$I,=,, (w - way 

1 d3ao 

+ ii aw3 y=uo 
(w - wo)3 + . ” 

Since all the frequency and propagating medium dependencies of ao(T; w) are contained 
in the complex wavenumber, Ic, all the needed partial derivatives of ao(F, w) can he 
found using the chain rule. For example, 

aa0 ak dcxo -=-- 
aw aw dk 

As a result of expressing k as a quadrat,ic function of w (see Eq. 5), considerable 
simplification results because 

anrc 
p-0 forn>2. 
awn 

For the integral port,ion of a0 the only k dependence is in the exponential portion 
of the argument. Thus, the n th derivative of the integral part of a0 is 

d” D’ 

-(J dk” cl 
y(r’ _ r)e’k(f’-r)dr’ 

The nth derivative of the nonintegral term in a0 has the form 

& (!-F) = g-1)” n! k-n-1 5 q (6meik6 - peikd) km . 
m=O m. 

Thus , the nth derivative of ao(F,w) with respect to k: is 

&(,) = i” J,p’(d - r)” y(~’ - +ik(r’-r)dr’ 

n (-i)” 
+i(-1)” n! k-“-l 1 

m=O 
7 (5”eik6 - d”eikd) k” . 

3. ACCURACY CONSIDERATIONS 

lJse of a Taylor series to represent a function requires an understanding of accept- 
able error limits for the particular application. For an application involving accurat,e 
determination of backscatter coefficients from echo signal data [4] a well-defined set of 
criteria has been developed and is presented as an example. 
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One of the principle relations involved in the method of data reduction for estimating 
acoustic backscatter coefficients is given in Eq. (17) of reference [4]. The denominator 
of this equation contains an integral over volume of the form 

JJJ [A,+‘,u)]~ d3F 

where A,(r’,,w) is given by Eq. (2) a b ove and it is the accuracy with which this int*egral 
is determined that is of concern. The integral includes the entire volume over which 
scatterers may exist. The volume that contributes significantly to this integral is limited 
axially by the use of a time gate applied to the echo signal as well as by the decrease in 
11 A,(?, w) 11 with increasing distance, I, from the beam axis. Employing the coordinate 
system of figure 2, r’= F( I, 6, z) where ;P, 8 and z are cylindrical coordinates. Since the 
beam is axially symmetric, integration with respect to 0 yields a factor of 27r. Thus, 

JJJ(AD(P;w)j2d3~=2~JJ[~g(x,r,W))2 I dx dt . (6) 

Two accuracy criteria are present,ed below followed by a procedure for determining 
values of a pair of parameters for which the criteria are fulfilled. These criteria assure 
that the value of the integral in Eq. (6) will be represented with sufficient accuracy when 
the Taylor series approximation for AO(x, z, w) is employed. The pair of parameters are 

1. a minimum coordinate, I = z,, through which the z integration in Eq. (6) must 
be carried out and 

2. the corresponding minimum number of t.erms, N, in the Taylor series. 

First, some preliminary studies were done in which various axially symmetric ultra- 
sonic sources were considered, both experimentally and theoretically. Two general ob- 
servations were made. First, for suficiently large z, the envelope of 1) Ao(x, t, w) (I-+ 0 
as t increases. Second, for each axial distance z and frequency w there is a charac- 
teristic spacing of of&axis minima, or side lobe widths, A.s(z,w). It was also found 
that, for a given geometry of the radiating element, the dependence of Ax on z and w 
can be established quite well by finding Ax for a grid with spacings of about 1 MHz 
and 2 cm in w and z, respectively. The above observations have played a key role in 
the development of the accuracy criteria and in the procedure for establishing required 
values of z, and N. 

The two criteria are applied throughout the ranges of interest of z and w. These 
criteria are 

/ ‘dN + l) - ‘“tN) 1 < 0 2 and 

IJlV + 1) 

where Ii(N) = i:I:JAz II Ao,N(x,z,w) 112 z dz 
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and A,,N(z,z,w) is the approximation to &(z,z,w) keeping N terms in the Taylor 
series. (Notice that since z > 0, we have j 2 1.) 

The procedure for applying t,he criteria contains six ordered steps, and is applied 
beginning with the lowest value of n. (n 2 2) such that the points having coordinates 
t = (n - 1)&z and .z lies in region II of figure 1. (n = 1 is not included because K,, 
would always equal 1.) The six steps are as follows: 

1. Select a number of terms, N, to be included in the truncated Taylor series; N can 
be as low as 1. 

2. Set n = 2. 

3. I f  J, 5 0.2, go to step 5 below. 

4. If  J,, < 0.2, increment N by 1 and go to st,ep 2. 

5. I f  Ii, < 0.03, then the values for n and N are satisfactory, and this is the last 
step needed. 

6. If  K,, > 0.03, increment n by 1 and go to step 3. 

If  and when values of n and N are found resulting in satisfying the two criteria, then 
this N is the number of Taylor series terms to be kept and z, = nAx. 

4. RESULTS 

Because of the large number of variables involved, selection of an optimal set of 
examples to efficiently illustrate the value of the Taylor series representation is a difficult 
task. Focused transducers with approximately 11 cm radius of curvature and 19 mm 
projected diameter are used in our laboratory for measuring backscatter coefficients 
and generating B-mode texture images. For the results presented here, the transducer 
modeled has these values of the radius of curvature and projected diameter. The 
reference frequency for the Taylor series is w0 = 5.0 MHz, and the propagating medium 
is assumed to exhibit an ultrasonic speed of 1540.0 m/s at 5.0 MHz and attenuation 
coefficient constants al = 0.5 dB/cm/MHz and a2 = 0 where a(w) = (YEW + cr&. 

Before proceeding, it should be noted that only 16 Taylor series terms have been 
programmed to date primarily because 16 terms are sufficient for our current applica- 
tions. 

Figures 3-11 show comparisons between Taylor series approximations to &(++,w) = 
&(G,z,w) (dashed lines) and the correct values for Ao(r’,,w) (solid lines), the latter 
obtained wit,11 the integration in Eq. (3) performed numerically using Gaussian quadra- 
ture. In each figure, part (a) shows the modulus of A,-,(T;w) and part (b) its phase (in 
cycles). Each figure corresponds to specific values of the axial distance, frequency, and 
the number of terms kept in the series,, and &(F,w) is shown as a function of off-axis 
distance; such plots are known as lateral beam profiles. 

An important didactic aspect of figures 3-7 is that successive figures involve a change 
in only one of the three parameters; z, w - w0 and N. It is hoped that this will convey 
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(4 

Table I. Values of the axial distance from the transducer, z, the frequency 
d’ f f  I erence, w--wo, the frequency of evaluation, w, and the number of terms 
iu the series, N, corresponding to figures 3-7. The reference frequency was 
w0=5.0 MHz in all cases. 

Fig. No. = (cm) w-w0 (MHz) w (MHz) N 

3 4.0 -0.6 4.4 8 

4 4.0 -0.6 4.4 16 

5 4.0 -1.0 4.0 16 

6 12.0 -1.0 4.0 16 

i 12.0 -2.0 3.0 16 

insight into the relation between the three parameters and the accuracy of the Taylor 
series approximation. Table I summarizes the values of z, w - wo, and N for each of 
these figures. Notice that all values of w - w,, are negative. This is because, for a given 
number of terms kept in the series, sufficient accuracy at w -w,, = - 1 w - wo 1 generally 
assures accuracy at w - wg =( w - wg 1. 

Figure 3 shows plots of the modulus and phase of Ao(+‘,w) for an axial distance 
of z=4.0 cm comparing the correct solution for Ao(+‘,w) at 4.4 MHz and the 8 term 

‘\ 
2 q 4.0 cm 

__ CORRECT 
----- 8 TERMS 

” cb\,-\,.- 
O,,,,,,,,,~,,,,,,,,,,,~,,,,,,,,, 

0 
OFF-AXIS5 DISTANC:O (mm) 

15 
-0.6 e 

15 
OFF-AXIS DISTANCE (mm) 

Fig. 3 Graphs of the modulus (a) and phase (h) of Ao(F,w) comparing the correct 
calculation (solid line), obtained by direct numerical integration, with an 
S term Taylor series calculation (dashed line). The frequency at which 
the computations were made was 4.4 MHz, and the Taylor series reference 
frequency was 5.0 MHz. The axial distance was z=4.0 cm. The propagating 
medium was taken to be tissue-like with an ultrasonic speed of 1540 m/s 
at 5.0 MHz and an attenuation coefficient slope of 0.5 dB/cm/MHz. 
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3 
CO q 4.4 MHz 

CD0 q 5.0 MHz 

2 = 4.0 cm 

8 - CORRECT 
72 ------ 16 TERMS 

X 
T 

(4 2 (b) 3 0.0 - \ 

+ ‘\ 
81 w 

I 
Y 

1 ._’ 2 -0.3 - \ 
\ 

(4 

0 5 10 15 
OFF-AXIS DISTANCE (mm) 

Fig. 4 Graphs comparing a I6 term Taylor series (dashed line) with the correct 
result (solid line). All other parameters the same as figure 3. 

Taylor series representation for 4.4 MHz. In figure 3a the Taylor series representation is 
shown only through about 9 mm off axis and in figure 3b through about 6.5 mm, due to 
divergence of the truncated Taylor series with increasing x. For this set of parameters, 
eight Taylor series terms would not be sufficient for most applications. 

Figure 4 shows plots for a comparison under conditions identical to those in figure 3 
(axial distance of 4.0 cm, frequency of 4.4 MHz) except 16 Taylor series terms are kept. 
Sixteen terms appear to be adequate for this set of parameters as long as the modulus 
is taken to be zero beyond, say, 10 mm. 

In figure 5, all paramet,ers are the same as those in figure 4 except that, w=4.0 MHz 
instead of 4.4 MHz. The considerable loss of accuracy due to the larger value of 1 w-w0 1 
is demonstrated. 

co = 4.0 MHz 

CO,, q 5.0 MHz 

2 : 4.0 cm 

___ CORRECT 
----- 16TERMS 

J ,,,,,,, ,jdJ ,,,,,) ,,.,i’, 
0 5 

OFF-AXIS DISTANCE (mm) 

Fig. 5 Graphs comparing a 16 term Taylor series (dashed line) with the correct 
result (solid line) for a frequency of 4.0 MHz. All other parameters the 
same as figure 3. 
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(4 

(4 

w = 4.0 MHz 

COO= 5.0 MHz 

2 q 12.0 cm 

~ CORRECT 
----- IBTERMS 

OFF-AXIS DISTANCE (mm) OFF-AXIS DISTANCE (mm) 

Fig. 6 Graphs comparing a 16 term Taylor series (dashed line) with the correct 
result (solid line) for an axial distance of 12.0 cm. All other parameters the 
same as figure 5. 

In figure B, all parameters are the same as those in figure 5 except the axial dist,ance 
is now 12.0 CIII which is in the focal region of the transducer modeled. For this set of 
paramet,ers no distinction is seen between the Taylor series result and the correct values. 
For this combination of parameters, keeping 16 terms seems to constitute an “overkill.” 

The plots in figure 7 are for t,he same axial position and number of t,erms as in 
figure 6 except, w = 3.0 MHz making w - w0 now -2.0 MHz. Reasonably good accuracy 
is maint,ained by the 16 term Taylor series out. to an off-axis distance of 10 or 11 mm 
for t,his case in which the value of ) w - w0 1 is rather large. This accuracy is apparently 

related to the fact that 2=12 cm is in the focal region of the transducer. 

In figures 8-11 are shown plots which illustrate the effectiveness of applying the 
procedure for assuring accuracy of the Taylor series for the specific sit,uation described 

I\ 0 q 3.0 MHz 

\ COO= 5.0 MHz 

0 

z2 
i! q 12.0 cm 

\ __ CORRECT 
16TERMS I 

,. : 

(b) 

OFF-AXIS DISTANCE (mm) OFF-AXIS DISTANCE (mm) 

Fig. 7 Graphs comparing a 16 term Taylor series (dashed line) with the correct 
result (solid line) for a frequency of 3.0 MHz. All other parameters the 
same as figure 6. 
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Table II. Values of the axial distance from the transducer, 2, the freqnency 

difference, w-~0, the frequency of evaluation, w, and the number of Taylor 

series terms, N, required to meet the accuracy criteria corresponding to 

figures 8-11. The reference frequency was wo=5.0 IMHz. The accuracy 

criteria, however, were not met with fifteen terms for the conditions shown 

in figures 11. 

Fig. No. z (cm) w-do (MHz) w (MHz) N 

a 6.0 -0.5 4.5 5 

9 6.0 -1.0 4.0 15 

10 l-3.0 -1.0 4.0 8 

11 12.0 -2.0 3.0 - 

in section 3. Each figure shows plots of the modulus and phase of I Ai(F,w). The solid 

lines correspond to correct values and the dashed line to the Taylor series. 

To provide insight. into the relat.ion between z, w - wo, and N, only z or w - ~0 was 

changed from one figure to the next for figures 8-11. Tabie II summarizes the values 

of z,w - wo and the number of terms, N, required to meet the criteria. 

01 q 4.5 MHz 

O$, = 5.0 MHz 

2 = 6.0 cm 

__ CORRECT 
----- 5 TERMS 

1.0 - 

0.5 - 

2. 

(W $ o.. _ 

W 

2 

Lz -0.5 - 

.l.O 

Fig. 8 Graphs illustrating the effectiveness of the procedure described in section 3 

for assuring the accuracy of the Taylor series approximation for Ao(r’, w). In 

(a) the modulus of [z A:(?, w)] is plotted as a function of off-axis distance 

z, and in (b) the phase of [z A:( F,w)] is plotted. The correct solutions 

are shown as solid lines and the Taylor series result as dashed lines. The 

number of terms kept in the Taylor series was 5 which was the minimum 

number required to satisfy the accuracy criteria. Calculations were made 

for an axial distance of 6.0 cm in a tissue-like medium. w=4.5 MHZ, and 

the Taylor series reference frequency w. was 5.0 MHz. The criteria were 

met with Js(5)=0.10 and Ks(5)=0.019 which occurred 8 mm off axis. 
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(4 

15- 
0 q 4.0 MHz 

E _ 
d 

2 z 6.0 cm 

x to- __ CORRECT 
2 - ---- 15 TERMS 

2 - 

8 - ’ 

‘;- 
0 r @ I 1 . I I 

0 OFF-AXISJ DISTANCEG 9 
(mm) 

Fig. 9 Graphs illustrating the effectiveness of applying the Taylor series accuracy 
criteria for w=4.0 MHz, all other parameters being the same as for figure 8. 
The accuracy criteria were met when Js( 15)=0.14 and Ks( 15)=0.016 which 
occurred 9 mm off axis when 15 terms were used. 

In figure 8, the axial distance is GA cm and w= 4.5 MHz. Five Taylor series terms 
were required to meet the accuracy criteria resulting in Js = 0.10 and A-5 = 0.019. 

Figure 9 shows a comparison for the same axial distance but for W= 4.0 MHz 
instead of 4.5 MHz. Fifteen Taylor series terms were required resulting in Js = 0.14 
and Ks = 0.016. 

Figure 10 illustrates the reduced number of terms required to represent. a 4.0 MHz 
beam profile in the focal region; in this case 2~12.0 cm. The accuracy criteria were 
met with only 8 terms in the series and J4 = 0.17 and K4 = 0.018. 

Fig. 10 Graphs illustrating the effectiveness of applying the Taylor series arcuracy 
criteria at an axial distance 2=12.0 cm, all other parameters being identical 
to those of figure 9. The accuracy criteria were met when J4(8)=0.1’7 and 
K~(S)=O.OlS which occurred 15 mm off axis when 8 terms were used. 
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tl- 
CO = 3.0 MHz 

13)~ q 5.0 MHz 

2 q 12.0 cm 

- CORRECT 
----- 15 TERMS 

1 .o 

1 
1 

n 

0.5 - 

‘;;; 

03 j j  0.0 - 

!?I 

P 

-1 

a -0.5 - 

oj , , ,b, .,:-.,;, _ 
0 

OFF-AXIS4 DISTANCE8 (mm) 

,..L 
0 

OFF-AXIS4 DISTANCE8 (mm) 
12 

Fig. 11 Graphs illustrating the effectiveness of applying the Taylor series arcu- 
racy criteria for w=3.0 MHz; all other parameters are the same as those 
employed in figure 10. The accuracy crit~eria were not met. in the third 
subinterval when 15 terms were kept. For that subinterval 5,(15)=3.38 
and Ir‘3(15)=0.043. In the second subinterval, however, Jz(15) = 8 x lo-* 
and a less stringent criterion for K,(N) could have been met. 

Figure 11 shows the result of applying these criteria again at r=12.0 cm, but 
w=3.0 MHz instead of 4.0 MHz. The accuracy crit,eria were not met in the last suhin- 
terval: for Ax extending from 8 to 12 mm, 53 = 3.38 and h-3 = 0.043 for a fifteen term 
series. Excellent agreement was found though about 10 mm off axis, however. 

In figure 12 are shown zones of accuracy for fixed values of N resulting from applying 
the accuracy criteria. The reference frequency was 5.0 MHz. Frequency is plotted versus 

1 
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1 ’ I ’ 1 ’ 1 ’ ’ 
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Fig. 12 Plot illustrating the ranges of frequencies for which the accuracy criteria 
of section 3 were met for 5, 10 and 15 term Taylor series as a function of 
axial distance from the transducer in a tissue-like medium. For example, 
the accuracy criteria are satisfied for N=lO and z=lO cm from w=3.8 MHZ 
through 7.5 MHz. The Taylor series reference frequency was 5.0 MHZ. 
These results depend on the transducer geometry. 
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Fig. 13 Plot illustrating the ranges of frequencies for which the accuracy criteria 
of section 3 were met for 5, 10 and 15 term Taylor series as a function of 
axial distance from the transducer in a tissue-like medium. For example, 
the accuracy criteria are satisfied for N=lO and t=lO cm from w=l.F MHz 
through 3.7 MHz. The Taylor series reference frequency was 2.25 MHz. 
These results depend on the transducer geometry. 

axial distance, z, for N=5 (long dash lines), N=lO (short dash lines), and N=15 (solid 
lines). Thus, for example, the accuracy criteria are satisfied for N=lO and r=lO cm 
from w=3.8 MHz through 7.5 MHz. 

In figure 13 is shown the same type of plot as shown in figure 12 except that in this 
case the reference frequency was 2.25 MHz. 

5. DISCUSSION 

Each of the figures 3-i’ has illustrated that the truncated Taylor series is in very 
good agreement. on axis and for some range of distances off axis. However, beyond 
some off axis distance, large discrepancies can develop; this off-axis distance depends 
on w - ~0, the axial clistance, and the number of terms kept in the series. 

Figures 3, 4, and 5 illustrate the effectiveness of the Taylor series representation in 
the near field. The axial distance, z, is 4.0 cm. The correct modulus of the pressure 
varies greatly out to almost an off-axis distance, z, of 5 mm, and beyond x=10 mm 
the modulus is very small and decreases with increasing t. Adequate accuracy through 
x=10 mm was obtained only when the maximum number of terms available in this 
study (16) were kept in the series, and this was true only for a modest difference 
between w and wo (w - wo= -0.6 MHz). For w - wo= -1.0 MHz, agreement of series 
and correct values exists only out to z=4 or 5 mm. 

Figures 6 and 7 are beam profiles at 2=12 cm which is in the focal region of the 
transducer. The results illustrate that the Taylor series approximation is more effective 

than in the near field for a fixed number of terms kept. In each case, the full 1G terms 
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were used and w - w,, was varied. For w - wO= -1.0 MHz in figure 6, no significant 

difference exists between the correct and truncatecl series results out to z=1.5 mm. For 

w - w. = -2.0 MHz, the Taylor series approximation diverges abruptly beyond 11 mm. 

However, if accuracy through the second side lobe is adequate for the application in- 

volved, then the Taylor series solut,ion corresponding to figure 7 could be used out, to, 

say, z=ll mm and the pressure modulus set equal to zero for z >ll mm. 

In computing acoustic pressure dist,ribut.ions for application in estimating backscat- 

ter coefficients it is necessary to know how far off axis to calculate pressure profiles so 

that a sufficient number of terms are included to avoid the divergence illustrated in 

figures 3, 4, 5 and 7. Figures 8-10 show that, when the accuracy criteria of section 3 

are employed, excellent agreement is found at all off-axis points within 2,. Figure 11 

illust,rates that when these criteria are not met, excellent agreement may still exist 

through some acceptable off-axis distance and increasing the maximum allowable val- 

ues of J,,(N) and l<,,(N) might be justified. 

Figures 12 and 13 show the dependence on axial distance of the zone of frequencies 

within which the Taylor series with N=.5, 10, or 15 terms satisfies the accuracy criteria 

of section 3. Two general features are worth noting. First, for any N, the extent of 

the zone rapidly decreases as ; decreases in the near field. Second, the zone is not 

symmetric about w. in the focal region and beyond, particularly for the higher values 

of N; this asymmetry is especially significant for the case of wo=2.25 MHz in figure 13. 

Because of the asymmetry of the frequency zones in figures 12 and 13, the choice of wo 

will depend on the frequency range over which accuracy is desired and this reference 

frequency will not in general be in the center of the range. 

G. CONCLUSIONS 

The Taylor series expansion in frequency of the single integral pressure beam so- 

lution for focused transducers provides a means of greatly increasing computer time 

savings. However, establishment of accuracy criteria corresponding to the particular 

application involved should be done before introducing the Taylor series representat,ion 

into a comput,er program. Such criteria are crucial because of the considerable number 

of parameters which influence the accuracy (e.g., axial and off-axis distances, and Aw). 
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