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Approach to 3-D Ultrasound High Resolution
Imaging for Mechanically Moving

Large-Aperture Transducer Based upon
Fourier Transform
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and William D. O’Brien, Jr., Fellow, IEEE

Abstract—A new three-dimensional (3-D) acoustic im-
age formation technique is proposed that is based on the
transmission of wide bandwidth pulse signals and the ap-
plication of the 3-D fast Fourier transform. A solution to the
Helmholz wave equation has been obtained using the Born
approximation. The solution contains analytical expressions
for the spatial spectra of the transmit and receive radiation
patterns for transducers of various geometries with lenses
of fixed focal distances. It has been shown that the pro-
posed algorithms allow for radiation patterns with constant
widths at depths both behind and in front of the focal point,
starting practically from the plane of the transducer. The
theoretical and experimental investigations and computer
simulation for both spherical and rectangular transducer
shapes have been performed. The results were used to es-
timate the beamwidths and the side lobe levels. A variant
of the linear array has been studied for cylindrical lens of
a fixed focal distance moving in a lateral direction. It has
been shown that, in this case, a high resolution (of the order
of a few wavelengths) can be achieved along all three Carte-
sian coordinates at a very high scanning velocity. The in-
fluence of the moving scatterers’ velocity in inhomogeneous
medium on the spatial radiation pattern characteristics has
been estimated.

I. Introduction

Volumetric 3-D high-resolution acoustic images are
of significant practical importance both for medical

ultrasound imaging and for nondestructive evaluation. At
the present time 3-D imaging is realized by means of two
principle techniques. The first technique consists in the
scanning the transducer with annular array along azimuth
and elevation angles [1]. This method allows for achieving
the dynamic focusing in both lateral coordinates only for
the receiving radiation pattern. However, the data acqui-
sition time in this case is rather long (of the order of 2–3
seconds), and the sizes and the weight of the probe are sig-
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nificantly bigger than those of traditional medical probes
for 2-D imaging. Besides, the area that can be imaged by
this method does not exceed in size a rather small vol-
ume near the transducer’s surface. The second technique
is realized by means of linear or convex arrays being me-
chanically moved along the coordinate perpendicular to
the longitudinal axis of the array or by rotation [2]–[4]. A
cylindrical lens with a fixed focal distance is installed on
the rectangular or cylindrical surface of a transducer. The
lateral resolution along the coordinate of motion in zones
in front and behind the focus is significantly worse than
the resolution along the electronic scanning direction. In
order to improve the resolution along the coordinate of
motion, it is reasonable to consider the application of a
signal processing technique that is similar to the synthetic
aperture method [5].

In ophthalmology, dermatology, and possibly mammog-
raphy, very high lateral and axial resolutions are needed,
and they can be achieved only at higher frequencies, that
is, 20 MHz to 100 MHz. At such frequencies it becomes
much more difficult to fabricate a linear or phased ar-
ray. For achieving high resolution while also increasing the
signal-to-noise ratio, a large-size aperture (ca. 50 wave-
lengths) with a fixed focal distance has been proposed
that would then implement the so-called method of virtual
source elements [6]. This method is a modification of the
synthetic aperture method. In this method, a correspon-
dence is established between the position of a small mov-
ing element and a focal region. Focusing is implemented
by summing the received signals with appropriate time
delays. The delays are determined from the distances be-
tween the position of a given point reflector and the center
of focal region. The detailed description of this method has
been given for a 2-D image [7]. The strength of this method
consists in the simplicity of calculations for the case of 2-D
images. However, being based upon approximate calcula-
tions, this method does not allow for a significant decrease
of the side lobe levels. For 3-D imaging, the signal process-
ing algorithm is much more complicated. Besides, papers
[6] and [7] do not consider the signal processing for the
image zone in front of the transducer’s focal point.

This technique also allows achieving the focusing in the
field before the focus at all values of the depth. However,
the method of focusing on the basis of the signal delays for
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a virtual source is not accurate by its principle, and the
error increases if the achievable lateral resolution becomes
close to the wavelength.

In contrast to the dynamic focusing algorithms based
on time delays [5]–[7], a 2-D imaging method has been
considered that is based on the spatial Fourier transform
of received signals by the coordinate of moving a small-size
(from a half of wavelength to a few wavelengths) receiving-
transmitting element [8]. The spatial Fourier transform
then is multiplied by a focusing term that depends on the
depth and the spatial and the central temporal frequencies.
After the inverse spatial Fourier transform is calculated, a
3-D image is synthesized. This technique does not allow for
obtaining an optimally narrow radiation pattern for wide-
band pulse signals, and is not applicable for transducers
with a large aperture. The algorithm proposed herein re-
quires fewer calculations than required for the synthetic
aperture technique [5].

Another Fourier transform method is applied to focused
signals [9]. 2-D and 3-D images are synthesized for moving
rectangular-shaped transducers of any size with a lens of
fixed focus. The signals as functions of time and two lateral
spatial coordinates are 3-D Fourier transformed. Focusing
at all depths is implemented by means of transformation of
the temporal and spatial spectra as well by transforming
the temporal frequency as a function of spatial frequencies.
This technique is applicable for wide bandwidth pulse sig-
nals and transducers with a large aperture. The technique
allows for obtaining a narrow constant width of the radi-
ation pattern (beamwidth) for a wide range of distances,
but considers only the Gaussian apodization case.

The work proposed herein develops the approach used
in [9] for the synthesis of 2-D and 3-D images with im-
proved lateral and axial resolution if compared with exist-
ing 3-D imaging techniques. An improvement of the pro-
posed approach from a detailed theoretical and experimen-
tal investigation is provided for transducers of any size
with either a spherical or rectangular-shaped aperture as
well as for moving linear arrays. The technique is based on
the theoretical estimation of the 2-D Fourier transform of
the radiation pattern spatial function for all values of the
temporal frequency.

In the contrast to the methods based upon the syn-
thetic aperture principle, the nearly constant lateral res-
olution at a large interval of depths can be obtained for
some cylindrically symmetrical excitation (the boundary
conditions) on the transducer’s aperture. The lateral reso-
lution in this case is approximately equal to the Rayleigh
limit in the focal point of ordinary spherical transmitting-
receiving transducer with the focal distance equaled to the
depth of an investigated area. The methods based upon the
wave equation solution at such conditions are called the
nondiffraction beam technique (i.e., the limited diffraction
beams). The investigations for ultrasound imaging are de-
scribed, for instance, in [13], [14]. This technique uses an
annular array with various apodization functions. In par-
ticular, it may be used for 3-D imaging, similar to that de-
scribed in [1]. The radiation pattern that can be obtained

by means of this technique is characterized by increasing
the side lobes and by worse lateral resolution if compared
with the results of the present paper. As for the strong
features of the method having been presented in [13], [14],
they consist in the comparative simplicity of its realization
and in the possibility to increase the 3-D imaging frame
rate by means of concurrent emitting, receiving, and pro-
cessing of signals.

The present paper considers the following issues. In
Section II, a derivation of the 2-D Fourier transform of
the transmit and receive transducer radiation patterns is
presented using the Helmholz wave equation solution for
an inhomogeneous medium, and the Born approximation.
Previous studies [10]–[12] do not provide explicit solutions
for Fourier transforms of pattern diagrams.

Section III deals with the principles of the signal pro-
cessing algorithm based on the application of the 3-D
Fourier transform. In order to obtain an analytical esti-
mate of the lateral resolution, both theoretical investiga-
tion and computer simulation of the proposed algorithm
are applied for Gaussian apodization of the transmit and
receive apertures. The calculated 3-D Fourier transform of
the signals from the moving transducer is multiplied by
a function of spatial and temporal frequencies. Then the
modification of a temporal frequency is performed. The
application of these operations with implementation of 3-
D inverse Fourier transformation by the spatial frequencies
and by the modified temporal frequency allows getting an
image with the lateral resolution that is constant at a large
interval of depths and corresponds to the lateral resolution
in the focal point of transmitting-receiving transducer.

In Section IV, the multidimensional Fourier transform
technique is investigated, both theoretically and experi-
mentally, for spherically shaped and large size transducers
with a fixed focal distance. However, the Fourier trans-
form expressions of the radiation pattern cannot be ob-
tained analytically. Thus, these functions are determined
computationally. Based on these functions, the algorithm
described in Section III yields the radiation patterns for 2-
D and 3-D image formation for both monochromatic and
wide bandwidth signals. In the 2-D case, the side lobe lev-
els at a large range of depths in front of and behind the
focus are significantly higher than that for the 3-D case.
This is explained by the fact that the spatial spectrum am-
plitude of the radiation pattern depends significantly upon
the comparative value of signals’ spatial frequencies by two
lateral Cartesian coordinates x and y. In addition, Sec-
tion IV presents the signal processing results. The signals
were obtained experimentally with a phantom by moving
a spherical transducer.

In Section V, the investigations similar to those pre-
sented in Section IV are conducted for a transducer that
is rectangular in shape. It is shown that, in contrast to
the spherical transducer case, the spatial spectrum of the
radiation pattern for a rectangular transducer can be pre-
sented as a product of functions, each function depending
upon only one corresponding spatial frequency. Also, in
Section V, a numerical simulation has been done for the
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case of the linear array moving along the y-coordinate in
order to obtain a 3-D image.

The physical experiment for moving the rectangular
transducer was simulated by processing the phantom scat-
tered signals of all the receiving elements of a phased array,
the transmitting elements of which subsequently emitted
ultrasound pulses. Such a data acquisition technique allows
for the investigation of numerous variants of the receive-
transmit transducer’s parameters.

In Section VI, a theoretical investigation is conducted
in order to study the influence of the velocity of moving
scatterers on radiation patterns synthesized by the tech-
nique proposed in this paper. The scatterers motion can
be caused both by the motions of some parts of a tissue
and by the blood flow. Numerical estimations are given
that characterize the radiation pattern broadening due to
a lateral component of the scatterers’ velocity and the ra-
diation pattern shift due to the longitudinal component of
the scatterers’ velocity.

A disadvantage of the technique being proposed in this
paper consists in the application of the mechanically mov-
ing transducer and in the possible influence of the mov-
ing scatterers on the deterioration of the radiation pat-
tern. These drawbacks could be eliminated by using 2-D
phased arrays for 3-D imaging. However, in this case the
resolution would be worse, the ultrasound device would
be more complicated, and the creation of such a 2-D ar-
ray could be problematic, especially for high frequencies,
such as 7–20 MHz. Some ways of the partial overcoming of
these problems are based on the linear arrays arranged as
a Mills cross or sparse arrays. These issues are considered
in [15]–[17].

II. Basic Dependencies for Scanning Using

Cartesian Coordinates

A scheme for scanning in Cartesian coordinates (x, y, z)
is shown in Fig. 1. The transmit-receive transducer is
moved along axes x and y in the z = 0 plane. The
transducer emits an ultrasound pulse and receives signals
(echoes) scattered from the inhomogeneous medium at var-
ious depths z. Let us denote a function of pressure at time
t by P̂1(x′, y′, z, t|x, y) at position (x′, y′, z) in an inhomo-
geneous medium that is emitted from the transducer at
position (x, y) in the z = 0 plane. The inhomogeneous
medium is assumed to be a weak scatterer. The function
P̂1 satisfies the following equation [10]:

∇2P̂1 −
(

1
c2
0

− 2δc

c3
0

)
∂2P̂1

∂t2
=

(
1
ρ0

∇(δρ)
)

· ∇P̂1,
(1)

where δc(x′, y′, z) and δρ(x′, y′, z) are small changes of the
sound speed and density in the inhomogeneous medium,
and c0 and ρ0 are constant values of the propagation speed

Fig. 1. The scheme of scanning in Cartesian coordinates.

and density. The following notations are used:

vectors: ∇δρ =
{

∂δρ

∂x′ ,
∂δρ

∂y′ ,
∂δρ

∂z

}

and ∇P̂1 =

{
∂P̂1

∂x′ ,
∂P̂1

∂y′ ,
∂P̂1

∂z

}
; (2)

Laplacian operator: ∇2P̂1 =
∂2P̂1

∂x′2 +
∂2P̂1

∂y′2 +
∂2P̂1

∂z2 .
(3)

Applying the Born approximation of the first order, we
assume that:

P̂1(x′, y′, z, t|x, y) =

P̂1(x′, y′, z, t|x, y) +

P̂s(x′, y′, z, t|x, y) (4)

where P̂i is the transmitted wave pressure, indepen-
dent of the inhomogeneities of the medium, where
P̂i(x′, y′, z, t|x, y) = P̂i(x′ −x, y′ −y, z, t) and thus satisfies
the uniform wave equation:

∇2P̂i − 1
c2
0

∂2P̂i

∂t2
= 0, (5)

and P̂s is a pressure that has been scattered by inhomo-
geneities. It satisfies the following equation:

∇2P̂s−
1
c2
0

∂2P̂s

∂t2
= −2δc(x′, y′, z)

c3
0

∂2P̂i(x′ − x, y′ − y, z, t)
∂t2

+
1
ρ0

∇δρ(x′, y′, z) · ∇P̂i(x′ − x, y′ − y, z, t). (6)

In (6) operators ∇ and ∇2 are applied to coordinates x′,
y′, and z.
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Fig. 2. The scheme of scattering with transducer in a rigid baffle.

Further, let us provide the basic temporal Fourier trans-
form formulas:

Pi(x′ − x, y′ − y, z, ω) =
∫

P̂i(•) exp(−iωt) dt,

Ps(x′, y′, z, ω|x, y) =
∫

P̂s(•) exp(−iωt) dt, (7)

where ω is the temporal frequency.
The (2) and (3) can be transformed, respectively, to:

∇2Pi +
ω2

c2
0

Pi = 0, (8)

∇2Ps +
ω2

c2
0

Ps = −2δc(x′, y′, z)
c3
0

ω2

c2
0

Pi(x′ − x, y′ − y, z, ω)

+
1
ρ0

∇δρ(x′, y′, z) · ∇Pi(x′ − x, y′ − y, z, ω). (9)

The source aperture is assumed to be in a rigid baffle.
For the transmitted wave, the initial condition in the z = 0
plane is valid on the active surface S [12] (Fig. 2):

∂Pi(ξ, η, ω)
∂z

= −iωf1(ξ, η, ω)ρ0V (ω), (ξ, η) ∈ S
(10)

where ξ and η are local coordinates on the active sur-
face. ∂Pi

∂z = 0 on the z = 0 surface that is outside of
the active surface S. The function V (ω) is the temporal
Fourier transform of the vibration velocity of the source
aperture that is excited by pulse signals. The complex
function f1(ξ, η, ω) is determined by a geometrical shape
of the source aperture and/or by its lens. In the function
f1 the focusing function is taken into account for a given
focal distance. We assume that:

Pi(x, y, z, ω) = Ltr(x, y, z, ω)V (ω). (11)

The function Ltr(x, y, z, ω) is proportional to the radiation
pattern of the transmit transducer at the frequency ω.

Let us denote the Fourier transform of Ltr by x and
y as:

utr(Ωx,Ωy, ω, z) =∫
exp(−j(Ωxx + Ωyy))Ltr(x, y, z, ω) dxdy, (12)

where Ωx and Ωy are the spatial frequencies corresponding
to the coordinates x and y. The Fourier transform of (8)
yields an ordinary differential equation for utr:

∂2utr

∂z2 +
(

ω2

c2
0

− Ω2
x − Ω2

y

)
utr = 0. (13)

The solution of this equation for the transmitted
wave is:

utr(Ωx,Ωy, ω, z) =

A(Ωx,Ωy, ω) exp

(
iz

√
ω2

c2
0

− Ω2
x − Ω2

y

)
, (14)

where A is some initial condition. Calculating the Fourier
transform by x and y from (10) and (11) and differentiating
(12) and (14) by z, we obtain the final expression for utr:

utr(Ωx,Ωy, ω, z) = ρ0c0
 1√

1 − Ω2
x+Ω2

y

(ω/c0)2

exp

(
iz

√
ω2

c2
0

− Ω2
x − Ω2

y

)


u0(Ωx,Ωy, ω), (15)

where u0 is a Fourier transform of the function f1 by ξ
and η:

u0(Ωx,Ωy, ω) =
∫∫

f1(ξ, η, ω) exp(−i(Ωxξ + Ωyη))dξdη.
(16)

The term in square brackets in (15) is a Fourier transform
of the free-space spatial impulse response for the transmit
aperture mounted in a rigid baffle.

We will now determine an expression for the receive
radiation pattern. Applying Green’s function G(r) =
exp(iωr/c0)

r , r =
√

(x′ − x)2 + (y′ − y)2 + (z′ − z)2, to
solve (9), we obtain an expression for the pressure of the
scattered wave Ps(ξ, η, z′−z, ω|x, y) at the distance z′ from
the point (ξ, η) in the receive transducer’s plane (Fig. 2):

Ps = V (ω)
∫∫

G(r)

[
ω2

c2
0

2δc(x′, y′, z)
c0

Ltr(x′−x, y′−y, z)

+
1
ρ0

∇δρ(x′, y′, z) · ∇Ltr(x′ − x, y′ − y, z)

]
dx′dy′. (17)

An electric signal at the output of the receive transducer
can be presented in a form similarly to (10):

Vre(x, y, z, ω) =
i

ω

1
ρ0

∫∫
S

∂Ps(ξ, η, z′ − z, ω|x, y)|z=0

∂z′

f1(ξ, η, ω)dξdηf2(ω), (18)
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where f2(ω) is a Fourier transform of the impulse response
function of the receive transducer. Substituting (17) into
(18) we obtain:

Vre(x, y, z, ω) =
V (ω)f2(ω)

ρ0

∫∫
Lre(x′ − x, y′ − y, z, ω)

×
[

ω2

c2
0

2δc(x′, y′, z)
c0

Ltr(x′ − x, y′ − y, z)

+
1
ρ0

∇δρ(x′, y′, z) · ∇Ltr(x′ − x, y′ − y, z)

]
dx′dy′, (19)

where the receive radiation pattern Lre is determined by:

Lre(x, y, z, ω) =
1
ω

∫∫
S

(
∂

∂z′ G(r̂)
) ∣∣∣∣∣

z=0

f1(ξ, η)dξdη,

r̂ =
√

(x − ξ)2 + (y − η)2 + (z − z′)2. (20)

Simple transformations are performed to obtain the
Fourier transform ure of the function Lre by x and y:

ure(Ωx,Ωy, z, ω) =∫∫
exp (−i(Ωxx + Ωyy))Lre(x, y, z, ω)

= exp

(
iz

√
ω2

c2
0

− Ω2
x − Ω2

y

)
u0(Ωx,Ωy, ω). (21)

The first factor in (21) is the Fourier transform of the
free-space spatial impulse response for the receive aperture
mounted in a rigid baffle. Comparing (15) and (21), one
can notice that the free-space spatial impulse responses are
different for the transmit and receive transducers mounted
in a rigid baffle. This is caused by the difference in Green
functions for the wave equation solution with the initial
conditions that correspond to the case of the transmit
transducer, and for the nonuniform wave equation solu-
tion that corresponds to the case of the receive transducer.
The larger the maximum values of |Ωx| and |Ωy|, the more
different are the functions of the receive and transmit radi-
ation patterns. It is noticeable that |Ωx| < ω

c and |Ωy| < ω
c

for the waves propagating in space. Besides, it is interest-
ing to note that this free-space spatial impulse response
for receiving coincides with that for light irradiated from
a large aperture [18].

Formula (19) in square brackets contains two compo-
nents. The first one corresponds to the so-called monopole
scattering that is determined by the variations of the
medium’s sound velocity δc. The second component cor-
responds to the dipole scattering determined by the
medium’s density variations δρ.

Let us consider two characteristic cases of the behavior
of the dipole scattering component. Assume that δρ is a
smooth function. The first derivatives by x′, y′, z are sig-
nificantly less than the ratio ω/c (or 2π/λ, where λ is a
wavelength). As the monopole scattering component con-
tains a term (ω/c)2, and |∇Ltr| < ω/c, the dipole scatter-
ing component does not have a significant influence upon

the value of the received signal. Assume that δρ is the sum
of a smooth function and some isotropic 3-D pulse func-
tion with the width on the order of a diffraction-limited
resolution. In this case ∇δρ̂ · ∇Ltr is approximately ex-
pressed by:

∇(δρ̂) · ∇Ltr = δρ̂m∇2Ltr, (22)

where δρ̂m is a mean value of the 3-D pulse.
The function Ltr, as well as Pi, satisfies (8) and, con-

sequently, ∇2Ltr = −ω2

c2
0
Ltr. In this case, the influence of

(22) on the output value of the receive transducer volt-
age has the same form as the component caused by the
monopole scattering. Thus, lateral resolution will be deter-
mined by the behavior of the product of the transmit and
receive radiation patterns Ltr(x, y, z, ω) and Lre(x, y, z, ω).
The expressions deduced in this section will be used for
modeling various radiation patterns and for constructing
the signal processing algorithms for variants of transducer
shapes and scanning techniques.

It follows from (18) that the axial resolution is deter-
mined by the frequency bandwidth of the Fourier trans-
form function V (ω) of the transducer excitation pulse, by
the frequency bandwidth of the impulse response func-
tion f2(ω) of the receive transducer and, in general, by
f1(ξ, η, ω).

III. Development of the Signal Processing

Algorithm

A. Gaussian Apodization Function and
an Approach to the Algorithm Construction

Consider the aperture function:

f1(ξ, η, ω) = exp
(

−ξ2 + η2

a2

)
exp

(
− iω

c0

ξ2 + η2

2F

)
.
(23)

The first term corresponds to the Gaussian apodization
function, and the value 2a can be approximately chosen
equal to the size of transmit aperture. The second term
determines the focusing lens function with the focal dis-
tance F . The Fourier transform of this function by the
coordinates ξ and η has the form:

u
(h)
0 (Ωx,Ωy, ω) = K1 exp

(
−(α + iζ0)(Ω2

x + ω2
y)

)
,
(24)

where α = 1

4
(

1
a2 +ω2

c2
0

a2

4F2

) , ζ0 = − a2ω/2c0F

4
(

1
a2 + ω22

c2
0

a2

4F2

) , and K1

is a scale coefficient.
Substituting (24) into (15) and (21), and limiting our-

selves by the approximation
√

ω2

c2
0

− Ω2
x − Ω2

y ≈ ω
c0

−Ω2
x+Ω2

y

2ω/c0

that is valid in practice for medical ultrasound imaging
and nondestructive evaluations at |Ωx|, |Ωy| < 0.6 ω

c0
, we



1670 ieee transactions on ultrasonics, ferroelectrics, and frequency control, vol. 49, no. 12, december 2002

obtain the Fourier transforms of transmit and receive ra-
diation patterns:

u
(h)
tr (Ωx,Ωy, ω, z)K2

1

1 − 1
2

Ω2
x+Ω2

y

(ω/c0)2

exp
(
− (α + iζ)

(
Ω2

x + Ω2
y

))
exp

(
iz

ω

c0

)
,

u(h)
re (Ωx,Ωy, ω, z)

= K3 exp
(
− (α + iζ)

(
Ω2

x + Ω2
y

))
exp

(
iz

ω

c0

)
, (25)

where

ζ =
c0

2ω
z + ζ0 ≈ c0

2ω
(z − F ), (26)

and K2, K3 are scale coefficients.
Performing the Fourier transform of (19) by x and

y, and assuming that the transducer scanning trajec-
tory sizes along axes x and y are large enough (about
max

z

(∣∣ z−F
F 2a

∣∣ + λz
2a

)
) and considering only the modified

component of the monopole scattering, we obtain:

Ṽre (Ωx,Ωy, ω, z) = K4V (ω)f22(ω)
ω2

c2
0

u (Ωx,Ωy, ω, z)Γ (Ωx,Ωy, z) , (27)

where K4 is a scale coefficient,

u (Ωx,Ωy, ω, z) =
∫∫

ure

(
Ω′

x,Ω′
y, ω, z

)
utr

(
Ωx − Ω′

x,Ωy − Ω′
y, ω, z

)
dΩ′

xdΩ′
y (28)

is the Fourier transform of the product of radiation pattern
functions Ltr and Lre, and

Γ (Ωx,Ωy, z) =
∫∫

exp (−i (Ωxx′ + Ωyy′)) γ (x′, y′, z) dx′dy′

(29)

is the Fourier transform x′ and y′ of the medium’s scat-
tering function γ:

γ (x′, y′, z) =
2δc (x′, y′, z)

c0
+

δρ̂ (x′, y′, z)m
ρ0

.
(30)

Formula (27) is valid for any radiation pattern function.
Substituting (25) into (28) and assuming that u

(h)
tr ≈ u

(h)
re ,

which is acceptable under the condition a � 1
2

c2
0

ω2 (nor-
mally valid in practice), we obtain for the case of Gaussian
apodization:

uh (Ωx,Ωy, ω, z) =

K5 exp
(

−α + iζ

2
(
Ω2

x + Ω2
y

))
exp

(
2iz

ω

c0

)
, (31)

where K5 is a scale coefficient.
The expression for ζ (26) is known a priori. From (31),

it then follows that the algorithm development for the re-
ceived signal processing assures a constant lateral reso-
lution at all depths z. Expression (31) is multiplied by

exp
(
i ζ
2

(
Ω2

x + Ω2
y

))
. In this case the Fourier transform of

the resulting radiation pattern will be expressed by the
term exp

(
−α

2

(
Ω2

x + Ω2
y

))
. The lateral resolution δl will

be proportional to
√

α/2, and, as it follows from (24),
it will not depend upon the depth. For the −6 dB level,
δl ≈

√
8F

aω/c0
≈ Fλ

2a (it is assumed that the aperture is large

enough: 1
a4 < ω2

4c2
0

1
F 2 ). This lateral resolution occurs both

in the zones behind and in front of the focus.

B. The Principles of the Signal Processing
Algorithm Construction

Following (27) and the other expressions obtained for
Gaussian apodization function, we propose the stages of
the signal processing algorithm:

• Form the 3-D array of received signals for the discrete
values in Cartesian coordinates of the transducer’s po-
sitions (x, y) in the z = 0 plane as a function of time t.

• Implement the fast discrete Fourier transform by co-
ordinate t, and write the values obtained for ω > 0
into memory.

• Implement the fast discrete Fourier transform by co-
ordinates x and y.

• Multiply the obtained values of the 3-D array as
a function of variables (ω, Ωx,Ωy) by the function
exp

(
iζ

(
Ω2

x + Ω2
y

))
for the given values of z.

• Implement the inverse discrete Fourier transform of
the data array obtained in a previous step by fre-
quency ω for the given values of z.

• Implement the inverse discrete Fourier transform of
the result of step five by variables Ωx and Ωy.

• Calculate the magnitude of analytical spatial-
temporal signal obtained as a result of the inverse
Fourier transform for 3-D image formation.

It is easy to see that at implementation of steps four and
five the most considerable portion of the calculations is to
be done. This is caused by the fact that in step four the
calculations for all values of z should be performed, but in
step five the inverse discrete Fourier transforms should be
calculated for all given values of z at t = 2z

c .
In order to decrease the time necessary for the calcula-

tions, use the fact that ζ (26) is linearly dependent upon
z, and replace step four by calculating a new variable:

ω̃ = ω +
c2
0

8ω

(
Ω2

x + Ω2
y

)
, (32)

interpolate the 3-D data array of arguments (Ωx,Ωy, ω)
from step three to a new regular grid in coordi-
nates (Ωx,Ωy, ω̃), and multiply this array by the factor
exp(iζ0ω(ω̃)) [where the function ω(ω̃) follows from (32)].
The resulting array is given by:

Ṽ (h)(Ωx,Ωy, ω̃) = K5
ω2(ω̃)

c2
0

V (ω(ω̃))

f2(ω(ω̃)) exp
(

i2z
ω̃

c0

)
Γ(Ωx,Ωy, z). (33)
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Now in step five we can implement the fast inverse
Fourier transform of the function Ṽ (h) by ω̃.

C. Mathematical Simulation for the
Case of Gaussian Apodization Function

The algorithm above was tested by computer simulation
on a personal computer. The monopole reflectors with re-
flection coefficient γ were distributed at various depths in
a medium. The results are provided for the case of point
reflectors placed at depths of 0.3 cm and 6 cm (Fig. 3). The
pulse signal with center frequency f = 7.5 MHz and Gaus-
sian spectrum with bandwidth δf = 5 MHz was transmit-
ted. The Gaussian apodization function was cut at the
level of −8 dB at the aperture edges. The received signal
is calculated by (15), (21), (27) and by inverse 3-D Fourier
transform of Ṽre from (27) by Ωx,Ωy, ω.

The size of the transducer aperture was 2a = 1.2 cm
and the focal distance was F = 1.8 cm. The Gaussian
apodization function had a sharp drop of −8 dB to zero
at the aperture edges. We performed a simulation of the
transducer scanning along both coordinates x and y in a
6 × 6 cm square. The received signal is calculated by (17)
and (18), and only for monopole scattering, i.e., the simu-
lation has been implemented using the Green function at
the emit of the transmitting transducer’s signal in a rigid
baffle; the received signal is calculated in Born approxi-
mation using the Green function for the nonuniform wave
equation (1) with boundary conditions for transducer in
a rigid baffle. Such an approach to numerical simulation
is the most accurate and is developed in Born approxima-
tion in [12]. The signal processing was performed with the
algorithm described above. Fig. 3 illustrates the results of
the simulation as the image cross sections in the XY plane
for two values of depth z of the point reflectors. For each
of the given depths, a few cross sections are shown with
a step λ/2 = 0.01 cm in order to show reflectors’ images
broadening with depth. This broadening would look like
arcs on a 2-D cross-section image (in XZ and YZ planes),
typical for a nonfocused signal, and it yields circles in the
XY-plane sections. From Fig. 3, before processing, the re-
flectors’ images are significantly broadened. After applying
the signal processing algorithm, the size of the point reflec-
tors approximately corresponds to the theoretical estima-
tion of lateral resolution δl = 0.03 cm at the level −6 dB.
The artifacts on Fig. 3 after signal processing are deter-
mined by side lobe levels of −30 dB. The axial resolution
is about 0.014 cm. Fig. 4 shows the cross sections of 3-D
images in XZ and YZ planes before and after the signals
processing for the point reflectors placed in the same way
as in Fig. 3. Fig. 4 also illustrates the graphic of the sig-
nals amplitudes after their processing. From these graphics
one can see that the side lobes level is about −30 dB at
the depth z = 0.03 cm and it is −35 dB at the depth
z = 6.0 cm. Such a side lobes level can be explained by
cutting the Gaussian apodization function and by adopted
approximation in the algorithm.

IV. Investigation of a Spherical Transducer

A. Theory

Consider a transducer with a spherically shaped surface
that is commonly used in nondestructive evaluation. The
transducer radius is a, and the radius of curvature is equal
to focal distance F . Assume that the transducer surface
is excited in such a way that all its points vibrate with
the same vibrating velocity along the z-axis. Also, in the
z = 0 plane, the vibrating velocity at frequency ω can be
expressed as (see also [12]):

V1(ξ, η, ω) = −iω exp
(

−i
ω

c0

(ξ2 + η2)
2F

)
V (ω)

(34)

where V (ω) is a Fourier transform of the excitation pulse.
The Fourier transform of the exponential term in (34) by
ξ and η is:

u
(s)
0 (Ωx,Ωy, ω) =∫∫
S

exp(−i(Ωxξ + Ωyη)) exp
(

− iω

c0

(ξ2 + η2)
2F

)
dξdη

=

a∫
0

rdr exp
(

− iω

c0

r2

2F

)
J0

(
r
√

Ω2
x + Ω2

y

)
, (35)

where S is a circle (solid disk) surface, r =
√

ξ2 + η2, a is
the radius of the circle, and J0 is a Bessel function of 0-th
order.

Assuming that a is larger than 20 wavelengths, λ =
2πc0

ω , we get approximately:

u
(s)
0 (Ωx,Ωy, ω) =

A
(s)
0 (Ωx,Ωy, ω) exp

(
−

i(Ω2
x + Ω2

y)F
2ω/c0

)
, (36)

where A
(s)
0 (Ωx,Ωy, ω) is some positive function that is

smoothly changing for q =
√

Ω2
x + Ω2

y ≤ 2a
F

ω
c0

and sharply

decreasing to zero for q > 2a
F

ω
c0

.
In order to obtain Fourier transform expressions of the

transmit and receive radiation patterns, it is necessary to
substitute the expression of u

(s)
0 into (15) and (21) for u0,

then calculate the Fourier transforms of receive-transmit
radiation patterns u(s) according to (28).

It is difficult to obtain an analytical expression for u(s),
thus it has been determined numerically. The function u(s)

can be approximated in its common form as:

u(s)(Ωx,Ωy, ω, z) = A(s)
(√

Ω2
x + Ω2

y, ω, z
)

× exp

(
iψ1(z − F )ψ2

(
Ω2

x + Ω2
y

2ω/c0

))
exp

(
i2

ω

c0
z

)
, (37)

where the functions ψ1 and ψ2 are close to piecewise linear
functions, and a positive function A(s) as a function of
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Fig. 3. The cross sections of 3-D image by the plane XY at various depths. (a)–(b) The signals are obtained from point reflectors located at
the depth 0.3 cm, (a) Before processing, (b) after processing, (c) and (d) the signals are obtained from point reflectors located at the depth
6.0 cm, (c) before processing, (d) after processing. F = 1.8 cm, 2a = 1.2 cm, f = 7.5 MHz; dynamic range 50 dB; cross sections step by
depth 0.01 cm.
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Fig. 4. The cross sections of 3-D image by the planes XZ and YZ and the signal magnitude. (a)–(c) The signals are obtained from point
reflectors located at the depth 0.3 cm. (a) Cross section of 3-D image before processing, (b) cross section of 3-D image after processing,
(c) signal magnitude after processing. (d)–(f) The signals are obtained from point reflectors located at the depth 6.0 cm. (d) Cross section of
3-D image before processing, (e) cross section of 3-D image after processing, (f) signal magnitude after processing. (x-x) XZ plane, (y-y) YZ
plane, (x-x) and (y-y) cross-sections positions are indicated by x-x and y-y lines on Fig. 3. The signals are the same as on Fig. 3. Dynamic
range of the images is 50 dB.

√
Ω2

x + Ω2
y changes from approximately rectangular at z <

F to approximately Gaussian at z > F .

B. Numerical Simulation

The functions A(s) and ϕ = ψ1 · ψ2 are calculated for
F = 8.0 cm, f = 5 MHz, 2a = 2.5 cm, and for F = 2.0 cm,
f = 15 MHz, 2a = 2.0 cm. For f = 5 MHz these functions
are shown in Figs. 5 and 6. In these figures the column
“3D” corresponds to the transducer motion along both
coordinates x and y, and column “2D” corresponds to the
transducer motion along the coordinate x.

The width of the spatial spectrum is approximately un-
changed in range from z = 0.1 cm to z = 12 cm for
f = 5 MHz. This means that the bandwidth of the result-
ing radiation pattern and, consequently, the lateral reso-
lution are practically the same at all the depths, including
the region close to the aperture in front of the focal point.
We apply the signal processing algorithm for the moving
transducer, basically the same as in Section III-A. How-
ever, because the function A(s) is not smooth enough, and
the functions ψ1 and ψ2 differ from linearity, we have to
modify the algorithm as follows. The Fourier transform
by time t has to be performed for a few nearby intervals
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Fig. 5. The 2-D and 1-D signal spectra magnitude A(Ω) and phase ϕ(Ω) of spherical transducer radiation pattern in 3-D and 2-D cases.
The 2-D-case spectra are given for different y-sections. F = 8.0 cm, 2a = 2.5 cm, f = 5 MHz. Ω =

√
Ω2

x + Ω2
y for 3-D column, Ω = Ωx for

2-D column. Depths 0.1 cm and 3.0 cm.

of approximate size along the depth z of 2 cm (see step
two). For each of these intervals, a modified frequency ω̃
[see (32)] is calculated by multiplying the second term in
(32) by a factor that depends on the mean depth zm of the
interval (thus taking into account the piecewise linearity
of functions ψ1 and ψ2).

The inverse Fourier transform in step six is imple-
mented for the data multiplied by an apodization func-
tion W (Ωx,Ωy, zm) that is approximately Gaussian. This
function smoothes the function A(s) for the purpose of
decreasing the side lobe levels in the resulting radiation
pattern.

Tables I and II represent the width of radiation pattern
and side lobe levels calculated for monochromatic signals

and pulse signals with wide spectrum bands for carrier fre-
quency f , focal distance F , aperture size 2a, and depth z.
In Tables I and II, column 3-D corresponds to the trans-
ducer motion along both coordinates x and y, and column
2-D corresponds to the transducer motion along coordi-
nate x. The radiation pattern width is practically constant
at all depths. The side lobe levels range from −20 dB to
−60 dB for the monochromatic signal. For the pulse sig-
nals with wide spectrum brackets, the side lobe levels are
lower and range from −30 dB to −60 dB. All these data
are obtained for 2-D scanning along coordinates x and y.
In [6]–[8] that deal with the investigation of different vari-
ants of the synthetic aperture technique, 1-D scanning of a
spherical reflector along x-coordinate was considered. Be-
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Fig. 6. The 2-D and 1-D signal spectra magnitude A(Ω) and phase ϕ(Ω) of spherical transducer radiation pattern in 3-D and 2-D cases.
The 2-D-case spectra are given for different y-sections. F = 8.0 cm, 2a = 2.5 cm, f = 5 MHz. Ω =

√
Ω2

x + Ω2
y for 3-D column, Ω = Ωx for

2-D column. Depths 8.0 cm (at focus) and 12.0 cm.

cause the function u(s) (37) depends upon the argument
Ω2

x + Ω2
y and in 1-D scanning it is possible to calculate

only a function of Ωx, the diagram width increases as the
transducer displaces along coordinate y, respectively, the
point reflector. This reason also causes the increase in the
side lobe levels. As a result of the mathematical simula-
tion for input data given in Tables I and II, the radiation
pattern width (or the beam width) has been increased two
times (column 2-D). The side lobe levels varied in limits
from −5 dB to −67 dB for the monochromatic signal, and
from −9 dB to −69 dB for the wide-band signal. So, as
one can see, in the near field the side lobes level is rather
high due to the fact that the transducer moves only along
one coordinate.

C. Physical Experiment

In order to verify these results, a physical experiment
was conducted at the Bioacoustics Research Laboratory,
University of Illinois, Urbana, IL. The positioning system
has a positioning accuracy of 2 µm (Daedal Inc., Harri-
son City, PA). The Parametric (Waltham, MA) spherical
transducer had a center frequency of 5 MHz, bandwidth
of 1.5 MHz, focal distance of 80 mm, and aperture diame-
ter of 25 mm. A phantom (Model 539, ATS Laboratories,
Inc., Bridgeport, CT) was placed in a degassed water tank
(22◦C). The phantom is made of urethane rubber with a
speed of sound of 1450 m/s at room temperature and at-
tenuation of 0.5 dB/cm·MHz. The embedded wire targets
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TABLE I
The Radiation Pattern Width (Diagram Width) and Side Lobe Level (Side Lobes) After Signal Processing for Spherical

Transducer.

F = 8.0 cm, 2a = 2.5 cm, f = 5 MHz, λ = 0.03 cm, monochromatic.

3-D 2-D
diagram width, wavelengths diagram width, wavelengths

z, cm −6 dB −10 dB side lobes, dB y, cm −6 dB −10 dB side lobes, dB

0.1 2.3 2.9 26 0.0 2.1 2.7 24
0.5 2.3 3.0 19
1.0 3.5 4.4 16

3.0 2.3 2.9 28 0.0 1.9 2.5 23
0.5 3.1 4.0 12

6.0 2.5 3.1 21 0.0 2.0 2.5 11
0.1 2.5 3.6 9

8.0 3.5 4.5 38 0.0 3.5 4.5 40
10.0 2.8 3.5 18 0.0 2.7 3.4 15

0.1 7.0 9.5 5
12.0 2.7 3.4 19 0.0 2.2 2.7 10

2.3 2.9 0.1 2.3 3.0 8
0.5 3.9 4.9 8

F = 8.0 cm, 2a = 2.5 cm, f = 5 MHz, λ = 0.03 cm, wide-band, δf = 1.5 MHz.

3-D 2-D
diagram width, wavelengths diagram width, wavelengths

z, cm −6 dB −10 dB side lobes, dB y, cm −6 dB −10 dB side lobes, dB

0.1 2.6 3.3 33 0.0 2.4 3.1 30
0.5 2.6 3.3 26
1.0 3.6 4.5 22
1.15 5.7 7.1 19

3.0 2.5 3.3 35 0.0 2.3 3.0 33
0.5 3.3 4.3 15

6.0 2.7 3.5 27 0.0 2.2 2.9 16
0.1 3.1 4.7 15

8.0 3.7 4.8 40 0.0 3.8 4.8 40
10.0 3.1 3.9 23 0.0 3.1 3.7 21

0.1 3.4 9.7 12
12.0 3.0 3.7 25 0.0 2.8 3.1 16

0.1 2.5 3.3 12
0.17 2.7 3.6 9

are made of monofilament nylon with 0.12 mm diameter.
The cyst targets are anechoic regions with diameters of
1.5 mm to 6 mm. The transducer was moved in only one
direction along x-axis. A digitizing oscilloscope (LeCroy
9374L, Chestnut Ridge, NY) digitized the RF received
signals with 8 bits. The sampling rate was 50 MHz. Data
were collected on a SUN Sparc workstation, written on CD
and processed on a personal computer with software that
implemented the signal processing algorithm described in
Section III-B.

Fig. 7 illustrates the phantom images before and after
signal processing by the algorithm of Section III-B. A sig-
nificant improvement of the lateral resolution and image
contrast has been achieved. The lateral resolution is ap-
proximately the same in the zones in front and behind
the focus, and corresponds to the theoretical estimation
δl = λF

2a·1.5 . The side lobe levels of order −12 dB to −18 dB
also match the estimates that are based on the results of
the mathematical simulation for 1-D scanning.

In order to study the influence of the y coordinate, the
Fourier transforms of the RF signals from the wire reflec-

tors in the near field were corrected by the mathemati-
cal model that takes into account the scattering along the
y-coordinate. The images of the wire reflectors near the
phantom surface are shown on Fig. 8. Taking into account
the preliminary knowledge of the wire reflector geometry
at the signal processing allows to decrease the side lobes
level, namely, the side lobe level has been decreased to
−18 dB.

V. Investigation of Rectangular Transducer

A. Theory

Transducers with a rectangular aperture are widely
used. Therefore, consider a rectangular aperture trans-
ducer moving along Cartesian coordinates x and y in the
z = 0 plane, as was done in Section IV-A for spherical
transducer.

It is assumed that a thin rectangular lens with a fixed fo-
cal distance F is installed on the active transducer surface,
and the transducer is excited by a spatially homogeneous
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TABLE II
The Radiation Pattern Width (Diagram Width) and Side Lobe Level (Side Lobes) After Signal Processing for Spherical

Transducer.

F = 2.0 cm, 2a = 1.0 cm, f = 15 MHz, λ = 0.01 cm, monochromatic.

3-D 2-D
diagram width, wavelengths diagram width, wavelengths

z, cm −6 dB −10 dB side lobes, dB y, cm −6 dB −10 dB side lobes, dB

0.1 2.0 2.8 51 0.0 2.0 2.8 38
0.2 2.0 2.8 32
0.4 2.6 2.8 21

1.0 2.0 2.8 47 0.0 2.0 2.6 22
0.05 2.2 2.8 24
0.2 3.0 3.8 24

1.5 2.0 2.8 32 0.0 2.0 2.4 19
0.05 2.2 2.8 14

2.0 2.8 3.6 64 0.0 2.8 3.6 67
2.5 2.0 2.8 25 0.0 2.0 2.8 14

0.05 4.8 6.2 12
3.0 2.2 2.8 30 0.0 2.0 2.4 14

0.05 2.0 2.6 13
0.2 3.0 3.8 14

F = 2.0 cm, 2a = 1.0 cm, f = 15 MHz, λ = 0.01 cm, wide-band, δf = 4.5 MHz.

3-D 2-D
diagram width, wavelengths diagram width, wavelengths

z, cm −6 dB −10 dB side lobes, dB y, cm −6 dB −10 dB side lobes, dB

0.1 2.2 2.8 45 0.0 2.0 2.8 41
0.2 2.0 2.8 39
0.4 2.6 3.4 26
0.43 3.6 4.4 18

1.0 3.0 4.0 49 0.0 2.0 2.6 31
0.05 2.2 2.8 28
0.15 2.2 2.8 18
0.2 2.0 2.6 31

1.5 2.2 2.8 40 0.0 2.0 2.6 23
0.016 2.2 2.8 14
0.05 2.4 3.2 18

2.0 2.8 3.6 66 0.0 2.8 3.6 69
2.5 2.2 2.8 30 0.0 2.2 2.8 19

0.037 2.2 2.8 12
0.05 2.8 3.8 15

3.0 2.2 2.8 35 0.0 2.2 2.8 20
0.032 2.0 2.6 15
0.05 2.0 2.6 16
0.2 2.2 3.0 25

displacement along the z-axis. The vibrating velocity V1
at frequency ω is determined by (34). For the rectangu-
lar aperture, the Fourier transform of exponential term in
(34) is expressed by:

u
(r)
0 (Ωx,Ωy, ω) =

ax∫
−ax

ay∫
−ay

exp (−i(Ωxξ + Ωyη))

exp
(

−i
ω

c0

ξ2 + η2

2F

)
dξdη

= u
(r,x)
0 (Ωx, ω)u(r,y)

0 (Ωy , ω), (38)

where 2ax and 2ay are the sizes of the aperture along the

x and y axes, and where

u
(r,x)
0 (Ωx, ω) =

ax∫
−ax

exp(−iΩxξ) exp
(

−i
ω

c0

ξ2

2F

)
dξ,

(39)

u
(r,y)
0 (Ωy, ω) =

ay∫
−ay

exp(−iΩyη) exp
(

−i
ω

c0

η2

2F

)
dη,

(40)

Thus, the 2-D Fourier transform of the rectangular
aperture function is a product of two 1-D Fourier trans-
forms. The formula for any of these functions can be pre-
sented as:

u
(r,g)
0 = A

(g)
0 (Ωg, ω) exp

(
−

iΩ2
gF

2ω/c0

)
, (41)
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Fig. 7. The image of phantom before and after signal processing for moving spherical transducer. F = 8.0 cm, 2a = 2.5 cm, f = 5 MHz.
Dynamic range 70 dB. (a) Before signal processing, (b) after signal processing.

where index g is x or y and a function A
(g)
0 is some positive

function that smoothly varies for
∣∣Ωg

∣∣ ≤ 2agω
Fc0

and sharply
decreases at larger values of

∣∣Ωg

∣∣.
Similarly (see Section IV-A), to obtain the transmit and

receive radiation patterns’ Fourier transforms, it is neces-
sary to multiply (38) by a corresponding Fourier trans-
forms with the free-space spatial impulse response. It is
assumed that

∣∣Ωg

∣∣
m

< 0.6 ω
c0

. In this case the Fourier trans-
form can be approximately presented as:

Hfr(Ωx,Ωy) = exp


iz

√(
ω

c0

)2

− Ω2
x − Ω2

y




≈ exp
(

iz
ω

c0

)
exp

(
−iz

Ω2
x

2ω/c0

)
exp

(
−iz

Ω2
y

2ω/c0

)
,

(42)

where Hfr is a product of two similar functions of Ωx

and Ωy. That is why, taking into account (41), we get
that the Fourier transform of the resulting receive-transmit
radiation pattern, namely:

u(r)(Ωx,Ωy, ω, z) = u(r,x)(Ωx, ω, z)u(r,y)(Ωy, ω, z),
(43)

where

u(r,g)(Ωg, ω, z) = A(r,g)(Ωg, ω, z)

exp

(
iψ

(g)
1 (z − F )ψ2

(
Ω2

g

2ω/c0

))
exp

(
i
ω

c0
z

)
, (44)

(g is x or y).
Formula (44) is an approximate expression, having been

obtained by means of an analytical estimation and proved
by numerical simulation; ψ

(g)
1 and ψ

(g)
2 are close to piece-

wise linear functions.

B. Computer Simulation

For comparison with the spherical transducer case, a
computer simulation for the square aperture was con-
ducted with the same initial data. The same signal process-
ing algorithm (see Section IV-B) was applied. The results
of the simulation showed that the Fourier transform of the
radiation pattern u(r) is presented with sufficient accu-
racy by (43), and correspondingly different parameters of
transducer can be chosen along axes x and y. Fig. 9 shows
the graphs of functions A(r,x) and ψ

(x)
1 (z−F )ψ(x)

2

(
Ω2

x

2ω/c0

)
calculated for F = 8.0 cm, f = 5 MHz, 2ax = 2.5 cm.
The width of the spatial spectrum A(r,x) does not sub-
stantially change in the interval of depths from z = 0.1 cm
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Fig. 8. The image of phantom in front of the focus before and after signal processing, and after signal processing with y-coordinate taken
into account. F = 8.0 cm, 2a = 2.5 cm, f = 5 MHz. Dynamic range 60 dB. (a) Before processing, (b) after processing, (c) after processing
with y-coordinate taken into account.

to z = 12 cm. The lateral resolution does not change over
the entire range of depths z. Table III presents the val-
ues of the radiation pattern width and the side lobe lev-
els calculated for monochromatic signals and pulse signals
with large bandwidth for the center frequency f = 5 MHz,
focal distance F = 8.0 cm, aperture size 2a = 2.5 cm,
and for various values of the depth z. The column “3-
D” corresponds to the transducer motion along both co-
ordinates x and y, and column “2-D” corresponds to the
transducer motion along the coordinate x. The radiation
pattern width is practically constant at all depths. The
side lobe levels change from −15 dB to −30 dB for the
monochromatic signal and do not depend upon displace-
ment of the point reflector along y-axis. For the pulse sig-
nal with large bandwidth, the side lobe levels range from
−17 dB to −38 dB.

In addition, a numerical simulation of the signal pro-
cessing algorithm was carried out for a phased array with a
rectangular aperture moved along the y-coordinate. Along
the longitudinal coordinate of the array, traditional dy-
namic focusing was implemented with a cut function of
Gaussian apodization.

A thin cylindrical convex lens with a focal distance
F = 3.0 cm and aperture size 2ay = 0.6 cm was installed
at the array surface. For the y-coordinate, the algorithm’s

radiation pattern synthesis was applied for the case of a
transducer moving along the y-coordinate. In Table IV the
values of the radiation patterns’ widths and the side lobe
levels along the x and y coordinates are given. The radia-
tion pattern width along the x-coordinate changes from
0.036 cm to 0.244 cm, depending on the depth z; and
the width along y-coordinate varies within a small inter-
val from 0.176 cm to 0.290 cm. The side lobe levels are
practically constant and equal to −40 dB.

C. Physical Experiment

For testing these results, we used digitized data from a
phased array obtained at Biomedical Ultrasonics Labora-
tory, University of Michigan (http://bul.eecs.umich.edu).
These data were processed by means of the algorithm from
Section IV-B for a rectangular transducer moving only
along the x-axis. The primary data were transformed in
a way that allowed modeling the rectangular transducer
with aperture of size 2ax = 0.6 cm and a fixed focal dis-
tance F = 3.0 cm. The total length of the scanning tra-
jectory was equal to the phased array length of 2.8 cm.
Fig. 10 illustrates the simulation results from the phan-
tom with point reflectors placed at various depths z and
for the phantom with cysts. As one can see from Fig. 10,
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TABLE III
The Radiation Pattern Width (Diagram Width) and Side Lobe Level (Side Lobes) After Signal Processing for Square

Transducer.

F = 8.0 cm, 2a = 2.5 cm, f = 5 MHz, λ = 0.03 cm, monochromatic.

3-D 2-D
diagram width, wavelengths diagram width, wavelengths

z, cm −6 dB −10 dB side lobes, dB y, cm −6 dB −10 dB side lobes, dB

0.1 2.1 2.7 23 0.0 2.1 2.7 21
0.5 2.1 2.7 24
1.0 2.1 2.7 22

3.0 2.1 2.6 25 0.0 2.1 2.7 26
0.5 2.1 2.6 23

6.0 2.2 2.8 17 0.0 2.3 2.9 18
0.1 2.1 2.8 17

8.0 3.1 4.0 30 0.0 3.2 4.1 30
10.0 2.4 3.1 15 0.0 2.5 3.1 15

0.1 2.5 3.1 15
12.0 2.3 3.0 16 0.0 2.3 2.9 16

0.1 2.3 3.0 17
0.5 2.3 2.9 16

F = 8.0 cm, 2a = 2.5 cm, f = 5 MHz, λ = 0.03 cm, wide-band, δf = 1.5 MHz.

3-D 2-D
diagram width, wavelengths diagram width, wavelengths

z, cm −6 dB −10 dB side lobes, dB y, cm −6 dB −10 dB side lobes, dB

0.1 2.4 3.1 29 0.0 2.4 3.1 30
0.5 2.4 3.1 30
1.0 2.4 3.1 30
1.17 2.4 3.1 26

3.0 2.4 3.1 32 0.0 2.4 3.1 32
0.5 2.4 3.1 38
0.54 2.4 3.1 29

6.0 2.5 3.1 24 0.0 2.5 3.1 26
0.08 2.5 3.1 21
0.1 2.5 3.1 20

8.0 3.3 4.5 32 0.0 3.3 4.3 31
10.0 2.7 3.3 18 0.0 2.9 3.5 18

0.1 2.6 3.3 17
12.0 2.6 3.3 21 0.0 2.5 3.1 22

0.1 2.7 3.3 20
0.28 2.5 3.2 18
0.5 2.5 3.2 25

TABLE IV
The Radiation Pattern Width (Diagram Width) and Side Lobe Level (Side Lobes) After Signal Processing for Phased

Array with Rectangular Surface Moving Along y-Axis.

Fx = dynamic, 2ax = 2.8 cm, Fy = 3.0 cm, 2ay = 0.6 cm, f = 3.5 MHz, λ = 0.05 cm, wide-band, δf = 2.5 MHz.

X Y
before processing after processing before processing after processing

diagram width∗, side lobes, diagram width∗, sidelobes, diagram width∗, diagram width∗, side lobes,
z, cm wavelengths dB wavelengths dB wavelengths wavelengths dB

0.1 0.7 35 0.6 41 11.2 3.5 31
3.0 1.2 39 1.2 39 4.8 4.8 43
6.0 2.4 41 2.5 41 10.2 5.6 41
8.0 3.2 38 3.3 41 14.6 5.8 42
10.0 4.0 37 4.1 42 18.0 5.8 43
12.0 4.9 33 4.9 42 24.2 5.8 44

∗Diagram width at −10 dB level
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Fig. 9. The spectrum magnitude A(Ωx) and phase ϕ(Ωx) of square transducer radiation pattern. F = 8.0 cm, 2a = 2.5 cm, f = 5 MHz.

after signal processing, the point reflectors’ widths do not
substantially change with the depth while the contrast
of cysts increases. The pattern diagram width is about
0.24 cm, which is approximately equal to the theoretical
estimations value.

VI. Estimation of the Effect of Scattering

Objects Motion

The results presented herein were obtained under the
assumption that the objects that scatter sound do not
move. If these objects move, the synthesized radiation pat-
tern will change. These changes are affected by the axial
component vz of the scatterer velocity vector and its lat-
eral components (vx, vy).

In order to estimate the effect of moving scatterers, we
neglect the receive signal component of the dipole scatter-
ing in (19) and represent it as a sum of an array of point
reflectors with the coordinates (xn, yn, zn) with reflection
coefficient γn:

Vre(x, y, z) = K6(ω)
∑

n

L(x − xn, y − yn, zn, ω)γn,
(45)

where L(x − xn, y − yn, zn, ω) = Ltr(x − xn, y −
yn, zn, ω)·Lre(x−xn, y−yn, zn, ω) is a product of the trans-
mit and receive radiation patterns; x, y are the coordinates
of moving transducer; and K6 is a scale function. Taking
into account the character of (31), the function L can be
presented as:
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Fig. 10. The image of phantom before and after signal processing for moving rectangular transducer. F = 3.0 cm, 2a = 0.6 cm, f = 3.3 MHz.
Dynamic range 50 dB.

L(x, y, z, ω) = L̂(x, y, z, ω) exp
(

i
2ω

c0
z

)
, (46)

where L̂ characterizes a complex function determining
width of the radiation pattern at distance z (before pro-
cessing). Let us represent the Fourier transform of the
function L̂ by coordinates x, y in the form:

uL̂(Ωx,Ωy, ω, z) =∫
L̂(x, y, z, ω) exp (−i(Ωxx + Ωyy)) dxdy

= Â(Ωx,Ωy, z, ω) exp
(

−i
ζ

2
(Ω2

x + Ω2
y)

)
, (47)

where, ζ is calculated in correspondence with (26). The
inverse Fourier transform of the function Â by Ωx and
Ωy with the same apodization function W (Section IV-B)
characterizes the synthesized radiation pattern.

Let us denote the components of the scanning veloc-
ity along the axes x and y by vs,x and vs,y, respectively.
We suppose that |vx|, |vy|, |vs| � min{|vs,x|, |vs,x}. We de-
note as t the time of the scanning process, −T

2 < t ≤ T
2 ,

where T is the scanning time interval. Consider that the

transducer moves along the y-axis discretely, with a step
δy with time intervals T0, and for the time T0 the trans-
ducer moves along the x-axis a distance X0. In order to
achieve a constant lateral resolution at all the depths z, the
value of X0 must be approximately equal to the maximum
width of the radiation pattern L along depth z. Taking
into account these assumptions, we can put down the co-
ordinates of the transducer’s center at the moment t at
mT0 < t ≤ (m + 1)T0

(
m = T

2T0
, . . . , 0, . . . , T

2T0

)
as:

x = vs,x(t − mT0), y = vs,yt. (48)

At time t for the n-th reflector moving with the velocity
vector (vx, vy, vz), we present the received signal by:

Ṽ (n)
re

(
x, y, ω) = K6L̂(vs,x(t − mT0) − (xn + vxt),

vs,yt − (yn − vyt), zn + vzt, ω

)

× exp
(

2iω

c0
(zn + vzt)

)
. (49)

Performing a Fourier transform of (49) by x = vs,x(t −
mT0) and y = vs,yt with step δΩx = 2π

vs,xT0
, we obtain:



benenson et al.: volumetric 3-d high resolution acoustic imaging 1683

V̂ (n)
re (Ωx,Ωy, ω) = uL̂

(
Ωx

(
1 − vx

vs,x

)

− 2vz

vs,x

ω

c0
,Ωy

(
1 − vy

vs,y

)
− 2vz

vs,y

ω

c0
, zn

)

× exp (i(Ωxxn + Ωyyn)) exp
(

i
2ω

c0
zn

)
, (50)

where uL̂ is a Fourier transform of the radiation pattern L̂.
From (50) it follows that the lateral components of the

reflector’s velocity vx, vy lead to the change of a scale
of the function uL̂ by Ωx, Ωy, and, consequently, mainly
cause broadening or narrowing of radiation pattern that

is proportional to
(
1 − vx

vs,x

)−1
along the x-axis and to(

1 − vy

vs,y

)−1
along the y-axis. The component of the ve-

locity vz leads to the frequency shifts of Ωx, Ωy by 2vz

vs,x

ω
c0

,
2vz

vs,y

ω
c0

. Consequently, when taking into account the focus-

ing term exp
(
i

ζ(Ω2
x+Ω2

y)
2

)
and (26) in the signal processing

algorithm, it leads to the shift of the radiation patterns
along x and y axes by:

∆x =
ζ

2
4ω

c0

vz

vs,x
≈ (zn − F )vz

vs,x
,

∆y =
ζ

2
4ω

c0

vz

vx,y
≈ (zn − F )vz

vs,y
.

(51)

The greater the depth of scatter is, more significant this
shift is.

It should be noted that, as the maximum depth in-
creases, the ultrasound propagation path increases and the
maximum scanning velocities decrease.

For the purpose of an abdominal examination, it is rea-
sonable to use a linear array with a characteristic maxi-
mum depth of about 15 cm. The size of this array is of
the order of 6 cm along the axis of electronic scanning
(x-axis) and is about 0.6 cm along the perpendicular size
(y-axis). The array has a fixed focal distance F = 3 cm
along the y-axis. In the x-axis plane, the signals should be
transmitted and received simultaneously for all elements
of the linear array. For the signal processing in the x-axis
plane, we choose the size of receiving active aperture of
2a = 2 cm and focal distance F = 3 cm. For each value
of x-coordinate of the linear array, the signals of the ac-
tive subaperture are calculated with the same coordinate
of its center. These signals are calculated using the signals
received by the array elements contained in this subaper-
ture.

In order to obtain a 3-D image, an array should be
moved along the y-axis a distance of 5 cm. All the received
signals of subapertures then are processed using the algo-
rithms of Section III-B. The total scanning time will be of
order 0.02 second and the corresponding velocity of move-
ment vs,y = 250 cm/second. In this case (50) should be
used only for one lateral frequency Ωy. If the maximum
velocity of a scatterer is estimated to be v = 5 cm/second,

the radiation pattern broadening will be characterized by
factor 1.02 and the maximum shift ∆y = 0.28 cm, that is,
approximately equal to the lateral resolution along y-axis
for f = 3 MHz (see Section V).

In the case of biomicroscopy, the maximum value of
depth is about 4 mm [19]. If one applies a spherical
transducer with diameter D = 1.5 mm, carrier frequency
f = 50 MHz and fixed focal distance F = 2 mm, then to
obtain a 3-D image in the volume 1.5 mm × 6 mm × 5 mm
the total time of moving along x- and y-coordinates will
be of the order of 0.05 second. The scanning velocity along
the y-axis will be about 100 mm/second. It follows from
(51) that the maximum shift ∆y = 0.02 mm at the scat-
terer velocity vz = 1 mm/second. The lateral resolution
along x- and y-axes will be of order 0.06 mm, and the ax-
ial resolution along z-coordinate will be 0.01 mm at the
frequency bandwidth ∆f = 40 MHz. These estimations
show that the mechanical moving of the transducer along
both coordinates is acceptable for low scatterer velocity.

For nondestructive evaluation applications, the veloci-
ties of the scatterers are very small. Thus, it is possible
to apply the mechanical moving of transducer along both
coordinates.

It should be noted that the estimations for the accept-
able velocities of the reflectors have been obtained suppos-
ing that the axial velocities of the reflectors are unknown to
us. By means of the proposed technique, one can use these
velocities estimation algorithm based upon the received
data that is similar to the color flow principle estimations
in modern ultrasound devices. In this case the acceptable
velocities of the reflectors are significantly larger.

VII. Conclusions

The proposed methodology for 3-D acoustic image for-
mation is based on the application of the 3-D fast Fourier
transform. For relatively large depths, a constant width of
the synthesized radiation pattern was demonstrated for a
moving transducer. The technique is valid for signals with
a bandwidth on the order of the center frequency.

The theory that was developed herein yields precise ex-
pressions for the spatial-temporal spectra of the receive-
transmit radiation patterns of the source and receiver
transducers. This theory also is useful for the development
of various methods of focusing by applying various geomet-
ric schemes of scanning.

The results obtained for a spherical transducer have
shown that the application of the synthetic aperture
methodology for a transducer moving along only one co-
ordinate can lead to unacceptably high side lobe levels.
In the case of a transducer with a rectangular aperture,
the side lobe levels do not change as the transducer moves
along one coordinate or along two coordinates.

The results of the mathematical simulation and of the
physical experiment coincide with the estimations ob-
tained within the proposed theory that confirms the va-
lidity of the theory.
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The theoretical consideration of the influence of mo-
tion of the medium’s scatterers was shown to influence the
character of the synthesized radiation pattern. The lateral
and axial motion of the scatterers modifies the radiation
pattern. In the case of the lateral motion, the synthesized
radiation pattern width increases or decreases depending
upon the ratio of the lateral component of the scatterers’
velocity and the scanning speed and upon their directions.
In the case of axial motion, the radiation pattern width
does not change, but its position is shifted in the lateral
direction proportional to the product of the distance of the
scatterer from the focus by the ratio of axial velocity and
the scanning speed.

The proposed technique can be widely used in medical
diagnostics in its various modifications, depending upon
the field of application to achieve high-resolution 3-D im-
ages. For abdominal imaging in which the scatterers’ ve-
locity can be about 3–7 cm/second, it is reasonable to use
a linear array that moves in a transverse direction with
a cylindrical lens mounted on its surface. In this case,
the influence of the scatterers’ motion does not signifi-
cantly change the 3-D-image resolution. For ophthalmol-
ogy, dermatology, and mammography, in which the max-
imum depths and the examination areas are significantly
smaller and the scatterers velocities are very small, it is
possible to apply a spherical transducer that moves along
the two orthogonal coordinates. For cardiology, further im-
provement of the proposed techniques seems to be possible
on the basis of applying the mechanical biasing of linear
phased array taking into account the velocity of scatterers
by means of Doppler frequency estimation. The works in
this direction are being performed within the frameworks
of the research on the proposed approach to 3-D imaging.

The methodology developed in this paper can also be
applied to the problems of nondestructive evaluation with
the usage of higher carrier frequencies of ultrasound irra-
diation for better signal-to-noise ratio.
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